In this paper, using the concept of w-distances, and we prove existence theorems for single-valued mappings and set-valued mappings in a complete metric space which generalize Takahashi, Wong, and Yao's theorems. Primary 47H10 ; secondary 37C25; 58J20
Introduction
Let ∞ be the Banach space of bounded sequences with supremum norm and let ( ∞ ) * be the dual space of ∞ . Let μ be an element of ( ∞ ) * . We denote by μ(f ) the value of μ at f = {x n } ∈ ∞ . Sometimes, we denote by μ n (x n ) the value μ(f ) 
Theorem . ([]) Let (X, d) be a complete metric space and let S be a mapping of X into itself. Let
∞ be the Banach space of bounded sequences with the supremum norm. Suppose that there exist a real number r with  ≤ r <  and an element x ∈ X such that {S n x} is bounded and μ n d S n x, Sy ≤ rμ n d S n x, y , ∀y ∈ X for some mean μ on l ∞ . Then the following hold:
() S has a unique fixed point u ∈ X; () for every z ∈ X, the sequence {S n z} converges to u.
By using the idea of Caristi's fixed point theorem [], Chuang et al.
[] proved a unique fixed point theorem for single-valued mappings which generalizes Theorem .. Furthermore, they obtained an existence theorem for set-valued mappings in a complete metric space. Using these results, Chuang et al. [] obtained new and well-known existence theorems in a complete metric space.
On the other hand, in , Kada et 
Preliminaries
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. Let X be a metric space with metric d. Then we denote by W (X) the set of all w-distances on X. A w-distance p on X is called symmetric if p(x, y) = p(y, x) for all x, y ∈ X. We denote by W  (X) the set of all symmetric w-distances on X. Note that the metric d is an element of W  (X). We also know that there are many important examples of w-distances on X; see [, ] .
The following lemma was proved by Kada et al. [] ; see also Shioji et al. [] .
) be a complete metric space and let p be a w-distance on X. Let {x n } and {y n } be sequences in X. Let {s n } and {t n } be sequences in [, ∞) converging to , and let x, y, z ∈ X. Then the following hold:
Let (X, d) be a metric space and let g be a function of X into (-∞, ∞] = R ∪ {∞}. Then g is proper if there exists x ∈ X such that g(x) < ∞. A function g is lower semicontinuous if for any t ∈ R, the set {x ∈ X : g(x) ≤ t} is closed. A function g is bounded below if there exists K ∈ R such that Then there exists z ∈ X such that Tz = z and p(z, z) = .
A mean μ is called a Banach limit on ∞ if μ n (x n+ ) = μ n (x n ) for all {x n } ∈ ∞ . We know that there exists a Banach limit on ∞ . If μ is a Banach limit on
In particular, if f = {x n } ∈ ∞ and x n → a ∈ R, then we have 
Existence theorems for single-valued mappings
In this section, using means and w-distances, we first prove an existence theorem for mappings in metric spaces which generalizes Takahashi et al. [] .
Theorem . Let (X, d) be a complete metric space, let p ∈ W (X) and let {x n } be a sequence in X such that {p(x n , w)} and {p(w, x n )} are bounded for some w ∈ X. Let μ be a mean on 
Proof Since {p(x n , w)} is bounded for some w ∈ X, we have, for any y ∈ X, {p(x n , y)} is bounded. In fact, we have, for any n ∈ N,
Furthermore, since {p(w, x n )} is bounded, we see that {p(z, x n )} is bounded for all z ∈ X. In fact, we have, for any n ∈ N,
We have from (.)
and hence
Then we see that {φ(S k y)} is a decreasing sequence which is bounded below. Hence We have, for any k, n ∈ N,
Since μ is a mean on ∞ , we have from (.) and (.), for any k ∈ N,
We have from (.), for any h, k ∈ N with k > h, 
On the other hand, we have from (.), for any h, k, n ∈ N with k > h,
Applying μ to both sides of the inequality, we have
Letting h → ∞, we get from (.) that
Then we have from (.) and (.)
This implies that
Similarly, for another u ∈ X with φ(u) < ∞, there exists u  ∈ X such that lim k→∞ S l+m+k u = u  and μ n p(x n , u  ) = . We also have, for k, n ∈ N,
We know that μ n p(S l+m+k y, x n ) →  as k → ∞. Thus, we have from (.), (.), and Lemma . y  = u  . Therefore we have x  = lim k→∞ S k z for all z ∈ X with φ(z) < ∞. Since φ is lower semicontinuous and lim k→∞ S k z = x  for all z ∈ X with φ(z) < ∞, we have
We finally prove that x  is a unique fixed point of S in {x ∈ X : φ(x) < ∞}. Since, from (.),
Then, as in the above argument, we have
We also know from (.) that μ n p(S m+k y, x n ) →  as k → ∞. Therefore, from (.), (.),
We have from (.), (.), and Lemma . Sx  = x  . We show that x  is a unique fixed point of S in {x ∈ X : φ(x) < ∞}. Indeed, if z  is a fixed point of S with φ(z  ) < ∞, then
and hence μ n p(x n , z  ) = . Since, for k, n ∈ N,
we have
Since μ n p(S m+k y, x n ) →  as k → ∞, from (.), (.), and Lemma ., we have z  = x  .
Therefore x  is a unique fixed point of S in {y ∈ X : φ(y) < ∞}. This completes the proof.
Using Theorem ., we can obtain the following result proved by Takahashi Then there existsx ∈ X such that (a)x = lim k→∞ T k y for all y ∈ X with ψ(y) < ∞;
Proof Since {x n } is a bounded sequence in X such that {p(x n , x)} is bounded for some x ∈ X, we see from p ∈ W  (X) that {p(x, x n )} is bounded. Putting S = T, l = m, and φ = ψ in Theorem ., we have 
(.)
Then there exists x  ∈ X such that () x  is a unique fixed point of S in {x ∈ X : φ(x) < ∞}; () x  = lim k→∞ S k y for all y ∈ X with φ(y) < ∞;
Proof Let us first consider α > . Putting y = x in (.), we have from
By Theorem ., there exists u  ∈ X such that Su  = u  . Putting x = u  in (.) again, we have, for any y ∈ X,
Since Su  = u  , we have, for any y ∈ X,
By Theorem ., we see that x  is a unique fixed point of S in {x ∈ X : φ(x) < ∞} such that φ(x  ) = inf u∈X φ(u) and x  = lim k→∞ S k z for all z ∈ X with φ(z) < ∞.
Next let us consider the case of α = . Then we have
Replacing x and y by Sx and x in (.), respectively, we have
We also see from Theorem . that there exists u  ∈ X such that Su  = u  . Putting x = u  in (.), we have also
In the case of α < , we have  -α > . Furthermore, replacing y by Sx in (.), we have
Take x ∈ X with φ(x) < ∞. Then we have, for any n ∈ N,
Adding these inequalities, we have
Since {φ(S n x)} is a decreasing sequence and bounded below, we see that there exists s = lim n→∞ φ(S n x). Thus we have, for any n ∈ N,
Then {p(x, S n x)} is bounded. Furthermore, from (.) we have
As in the above argument, we have, for any n ∈ N,
Then {p(S n x, x)} is bounded. Replacing x by S n x in (.), we have, for any n ∈ N,
Applying a Banach limit μ to the both sides of this inequality, we have
By Theorem ., S has a unique fixed point x  in {x ∈ X : φ(x) < ∞} such that φ(x  ) = inf u∈X φ(u) and x  = lim k→∞ S k z for all z ∈ X with φ(z) < ∞.
Existence theorems for set-valued mappings
Using w-distances, we have the following existence theorem for set-valued mappings in a complete metric space. Let (X, d) be a metric space and let P(X) be the class of all nonempty subsets of X. A mapping of X into P(X) is called a set-valued mapping, or a multi-valued mapping.
Theorem . Let (X, d) be a complete metric space, let p ∈ W (X), and let {x n } be a sequence in X such that {p(x n , w)} and {p(w, x n )} are bounded for some w ∈ X. Let μ be a mean on ∞ and let φ : X → (-∞, ∞] be a proper, bounded below, and lower semicontinuous function. Let S : X → P(X) be a set-valued mapping such that for each x ∈ X, there exists y ∈ Sx satisfying
Repeating this process, we get a sequence {z m } in X such that z m+ ∈ Sz m and
for each m ∈ N. Clearly, {φ(z m )} is a decreasing sequence which is bounded below. We have, for any m, n ∈ N,
Since μ is a mean on ∞ , we have, for any m ∈ N,
We have from (.), for any l, m ∈ N with m > l,
and φ(z l ) -s →  as l → ∞. We see from Lemma . that {z m } is a Cauchy sequence in X. Since X is complete, there exists a point x  ∈ X such that lim m→∞ z m = x  . We know from the definition of p that, for any n ∈ N, y → p(x n , y) is lower semicontinuous. Using this and following the technique of [], we have, for any n ∈ N,
On the other hand, we have from (.), for any l, k, n ∈ N with m > l,
Letting l → ∞, we get
We have from (.), (.), and (.)
Doing the same argument as above for each y  = y ∈ X with φ(y) < ∞, we can construct a sequence {y m } in X such that {φ(y m )} is a decreasing sequence, lim m→∞ y m = y  for some y  ∈ X, and μ n p(x n , y  ) = . We show that x  = y  . We have, for any m, n ∈ N,
Then, we have
Furthermore, we have, for any m, n ∈ N,
We know from (.) that μ n p(z m , x n ) →  as m → ∞. Therefore, from (.), (.), and Lemma . x  = y  . Since φ is lower semicontinuous,
Since y  is any point of X with φ(y  ) < ∞, we have
Furthermore, repeating this process, we have v  ∈ X such that v  ∈ Su  and
Using (.), we have 
Then T is a multi-valued weakly Picard operator.
Proof Putting S = T and φ = ψ in Theorem ., we see that, for each x ∈ X, there exists y ∈ Tx such that μ n p(x n , x) + ψ(y) ≤ ψ(x) and hence μ n p(x n , x) + ψ(y) ≤ ψ(x).
For each x ∈ X and each y ∈ Tx, put u  = x and u  = y. Then we can take u  ∈ Tu  such that μ n p(x n , u  ) + ψ(u  ) ≤ ψ(u  ).
Repeating this process, we get a sequence {u m } in X such that u m+ ∈ Tu m and μ n p(x n , u m ) ≤ ψ(u m ) -ψ(u m+ ) (.) for each m ∈ N ∪ {}. Thus we have the desired result from Theorem ..
